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We give a constructive proof that all mixed states of N qubits in a suciently small neighbourhood
of the maximally mixed state are separable. The construction allows us to explicitly represent any
such state as a mixture of product states. We give upper and lower bounds on the size of the
neighbourhood which show in particular that its extent decreases exponentially with the number of
spins. We also discuss the implications of the bounds for NMR quantum computing.
PACS numbers: 03.67.-a, 03.67.Lx, 76.60.-k, 89.80.+h
In this letter we investigate the structure of the space of density matrices of N spin-1/2 particles. In particular we
consider density matrices close to the maximally mixed density matrix and ask whether or not they are separable.
One might imagine that the issue is straightforward in that the maximally mixed state seems to be very far from the
boundary between separable and inseparable states. However, it might be the case that the maximally mixed density
matrix is surrounded by separable matrices, but that all these separable density matrices lie on a low-dimensional
subspace within the space of all density matrices and thus by going away from this subspace, even innitesimally,
one can reach entangled density matrices. In [1] this problem has been solved by an existence proof; namely it is
shown that there exists a suciently small neighbourhood of the maximally mixed density matrix inside which all
density matrices are separable. Here we go further to give a constructive proof which allows us to represent explicitly
any state suciently close to the maximally mixed one as a mixture of product states. We also give explicit upper
and lower bounds on the size of the neighbourhood. The size of this neighbourhood decreases exponentially with the
number of spins.
Our results have implications for present research which uses high-temperature nuclear magnetic resonance (NMR)
to attempt to build quantum computers [2{7] [8{12]. Since the rst announcements of the use of NMR for this
purpose there has been surprise at the apparent ability to perform quantum computations in room temperature
thermal ensembles. It has always been a puzzle whether states so close to identity could really correspond to truly
entangled states [13]. The bounds we calculate show that all states which have so far been used to simulate quantum
computers are separable. This is not to say however that NMR techniques cannot produce entangled states, in
principle. Indeed we will show, that for any given, xed, amount of noise, increasing the number of correlated spins
eventually leads to non-separable states. Thus by using NMR techniques one can create genuinely entangled states,
if one succeeds in correlating suciently many spins.
We consider density matrices of the form
ρ = (1− )M2N + ρ1, (1)
where M2N is the maximally mixed density matrix of N spin-1/2 particles (M2N = 2−N1, where 1 is the identity
operator) and ρ1 is an arbitrary density matrix1. We will show that for  suciently small, all density matrices of
the above form are separable. We will give explicit bounds on  and also an explicit decomposition of the separable
states as mixtures of direct products.
The key element will be to represent an arbitrary density matrix in an over-complete basis, each basis element
being a direct product. If each of the coecients of a given density matrix in the representation is positive, then the
coecients can be considered to represent probabilities, and therefore the density matrix is separable.
1We note that any density matrix with no zero eigenvalues may be written in this way. For example consider the two spin-1/2
case. The spectral decomposition of such a density matrix is ρ = aP1+bP2+cP3+dP4 where P1 . . . P4 are the spectral projectors
and a, b, c, d are taken in decreasing order and d > 0. We may write ρ as ρ = 4d. 1
4
(P1+P2+P3+P4)+(a−d)P1+(b−d)P2+(c−d)P3
which is of the form ρ = 4dM4 + (1− 4d)ρ1, where ρ1 is a density matrix.
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To be concrete let us consider rst the case of states of two qubits. A convenient basis for discussing separability
consists of the following set of 36 projectors, each of which is a density matrix representing a direct product:
Pi ⊗ Pj
Pi ⊗ P j
P i ⊗ Pj











and σi are the Pauli matrices, and 12 is the 2 2 identity matrix.
We wish to express the density matrix of two qubits in this basis. However since the basis is over-complete, the
representation will not be unique. We will make a specic choice, as follows. We start with the following representation









σi = Pi − P i and Pi + P i = 12. (5)





which allows us to write 12 as
3X
i=1
ωi(Pi + P i). (7)










ωiωj − αiωj + ωiβj −Rij

P i ⊗ Pj
+
(
ωiωj + αiωj − ωiβj −Rij

Pi ⊗ P j
+
(
ωiωj − αiωj − ωiβj + Rij

P i ⊗ P j
i
. (8)
We note that if each of the coecients of the 36 basis elements is positive, then they can all be considered to represent
probabilities and therefore the density matrix is separable as it is then a mixture of direct products.




12 ⊗ 12, (9)






Pi ⊗ Pj + P i ⊗ Pj + Pi ⊗ P j + P i ⊗ P j
i
. (10)
We note that the coecient of each of the basis matrices is 1/36.
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Consider now an arbitrary entangled density matrix ρ1. Since ρ1 is entangled, at least one of the coecients in the
representation of the form (8) of ρ1 must be negative.
Now consider a mixture of the maximally mixed density matrix M4 and the density matrix ρ1 of the form
ρ = (1 − )M4 + ρ1. (11)
It is clear that although some of the coecients of ρ1 are negative, since all of the coecients of M4 are strictly
positive, for  small enough, all the coecients of ρ are positive, thus ρ is separable. Thus all density matrices in a
suciently small neighbourhood of the maximally mixed density matrix are separable. The representation (8) thus
becomes an explicit representation of separable ρ as a mixture of direct-products.
Furthermore we can nd an explicit bound on  so that ρ is separable for any ρ1. To nd a bound we need
information about the magnitudes of the coecients αi, βi and Rij . Since ρ is a positive operator, the trace of the
product of ρ and any projection operator must lie between zero and one. Thus, in particular,





1 + αi + βj + Rij
  1. (13)




1 + αi − βj −Rij




1− αi + βj −Rij




1− αi − βj + Rij
  1. (16)
Thus for example by adding (13) to (16) we nd that
−1  Rij , (17)
and by adding (14) to (15) we nd that
Rij  1. (18)
Similarly
−1  αi  1 and− 1  βi  1 (19)










− 1) = −14
36
. (20)
















cα1...αNσα1 ⊗ . . .⊗ σαN . (23)
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where each index αi runs over four values 0, 1, 2, 3 with σ0 = 1 and σj , j = 1, 2, 3 are the Pauli matrices. Using the
same idea as was used in the case of density matrices for two spin-1/2 particles, it may be shown that
−1  cα1...αN  1. (24)
Thus using the analogous expansion to (8), for N spins we nd an asymptotic lower bound on  which is of order 4−N
for N spin-1/2 particles.
One particularly interesting example is the GHZ state of three spin-1/2 particles [11]. The density matrix is
1
2




12 ⊗ 12 ⊗ 12 + σz ⊗ σz ⊗ 12 + σz ⊗ 12 ⊗ σz + 12 ⊗ σz ⊗ σz
+σx ⊗ σx ⊗ σx − σx ⊗ σy ⊗ σy − σy ⊗ σx ⊗ σy − σy ⊗ σy ⊗ σx

. (25)
We now express the maximally mixed density matrix and the GHZ density matrix in terms of the 827 = 216 element
over-complete basis of matrices
Pi ⊗ Pj ⊗ Pk
Pi ⊗ P j ⊗ Pk
P i ⊗ Pj ⊗ Pk
P i ⊗ P j ⊗ Pk
Pi ⊗ Pj ⊗ P k
Pi ⊗ P j ⊗ P k
P i ⊗ Pj ⊗ P k
P i ⊗ P j ⊗ P k. (26)
We nd that the maximally mixed density matrix has coecient 1/216 for each basis element, and the minimum
coecient for the GHZ state in this basis is − 18 2627 . Thus for   1/27, the state
ρ = (1− )M8 + ρGHZ (27)
is separable. This bound is clearly far from optimal. It is clear that if one is trying to nd a bound for any given
state such as (27) it is better to expand the state in terms of an appropriately chosen set of direct products rather
than the general purpose set (26).
We have also considered another basis for the space of density matrices which is labelled by continuous parameters.






cα1...αNσα1 ⊗    ⊗ σαN . (28)
The expansion coecients are given by
cα1...αN = tr(ρσα1 ⊗    ⊗ σαN ) = hσα1 ⊗    ⊗ σαN i . (29)
We can also write any ρ as
ρ =
Z




(1 + ~n  ~σ) (31)
is the projector onto the pure state located at unit vector ~n on the Bloch sphere. The expansion (30) is by no
means unique. The density operator determines only the l = 0 and l = 1 parts of P (~n1, . . . , ~nN); the higher-order
spherical-harmonic content of P (~n1, . . . , ~nN ) corresponds to the freedom in expanding ρ as a sum of one-dimensional
4
projectors. A separable density operator is one for which there is an expansion such that P (~n1, . . . , ~nN ) is everywhere
nonnegative.
We can generate a candidate separable ensemble by considering the unique expansion (30) such that P (~n1, . . . , ~nN )
has only l = 0 and l = 1 components. This unique expansion is generated directly from the Pauli-operator expansion
(28), i.e.,
2Nρ −! P (~n1, . . . , ~nN ) , (32)
by making the following substitutions for the Pauli operators:




σj = −! 34pinj . (33)
Thus our candidate ensemble probability is




















+ ~n1  ~σ





+ ~nN  ~σ

. (34)
Let us concentrate on the product operator in the last form of (34). Each operator in the product has eigenvalues
4
3 and − 23 . Thus the most negative eigenvalue of the product operator is (− 23 )(43 )N−1, so we can conclude that
1
3
+ ~n1  ~σ
















from which it follows that




Consider now the density operator
ρ = (1 − ) 1
2N
+ ~ρ , (37)
for which the candidate ensemble satises
P (~n1, . . . , ~nN ) =
1− 
(4pi)N












Thus, as before, we see that all density operators in the neighborhood of the unit density operator are separable.
Until now we have been thinking of the number of spins as being xed. We now consider what happens as number
of spins (or the dimension of the spins) changes. In general, as we go to systems which allow more entanglement (for
example higher spins or more particles) we will show that we can tolerate more mixing with the maximally mixed
state and still have non-separable states. Put another way, for a given , we can always nd states of suciently
large numbers of particles or suciently high spin for which ρ is not separable. This might be important for NMR
applications where presumably, the amount of noise is constant and governed by the temperature, (thus we can think
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of  being xed) and so for a suciently entangled deviation density matrix, we may indeed nd that the full density
matrix is entangled.
In other words, mathematically there are two dierent limits. If we keep the number of particles and their spin
xed, we can always nd a small enough  such that all states in the  vicinity of the maximally mixed state are
separable. On the other hand, for every given , if we let the number of spins or their dimension increase, we can nd
states which are entangled.
Consider two particles, each living in a d-dimensional Hilbert space (two spin (d− 1)/2 particles) in the state
ρ = (1− )Md + jSdihSdj. (40)




(j1ij1i+ j2ij2i+ ... + jdijdi). (41)































where n = 2d2 (2 + (d− 2)) is the normalisation factor.
We thus see that the ratio of the singlet to maximally mixed state increases linearly with d. Therefore for xed ,
there will be a d0 such that for d  d0 the state (42) is entangled. Since the local actions that Alice and Bob have
performed cannot create entanglement from a separable state, the state which they started with (40) must have been
entangled for d  d0.
The state which we have been considering as a state of two spin (d− 1)/2 particles could have arisen from having a
number N of spin-1/2 particles, in which case d = 2N/2. This implies that the ratio of maximally entangled state to
maximally mixed state increases as 2N/2. This argument thus puts an upper bound on the size of the neighbourhood
of the maximally mixed state inside which all states are separable. This upper bound scales like 2−N/2.
The above results have the implications for attempts to use NMR techniques to create quantum computers. Our
results imply that experiments performed to date have not produced genuinely entangled density matrices. This is
because in present day experiments, the parameter  which measures the deviation from the maximally mixed state
is O(10−5), much smaller than the lower bounds we have found for the radius of the separable neighbourhood of the
maximally mixed state, in the cases of two or three spins.
However if we assume the amount of noise does not change as we increase the number of spins, it is possible to
use NMR techniques to generate genuinely entangled states. For example if  remains O(10−5) then for roughly forty
spins the state (40) is entangled.
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